Abstract. The object of this paper is to introduce some new strongly invariant A-summable sequence spaces defined by a sequence of modulus functions F = (f k ) in a seminormed space, when A = (a nk ) is a non-negative regular matrix. Various algebraic and topological properties of these spaces, and some inclusion relations between these spaces have been discussed. Finally, we study some relations between A-invariant statistical convergence and strong invariant A-summability with respect to a sequence of modulus functions in a seminormed space.
Introduction and preliminaries
By w we shall denote the space of all scalar sequences. ℓ ∞ , c and c 0 denote the spaces of bounded, convergent and null sequences x = (x k ) with complex terms, respectively, normed by x ∞ = sup k |x k |. A sequence x ∈ ℓ ∞ is said to be almost convergent if all Banach limits of x coincide (see Banach [2] ). Letĉ denote the space of all almost convergent sequences. Lorentz [12] proved that c = {x ∈ ℓ ∞ : lim m→∞ t mn (x) exists, uniformly in n}, where t mn (x) = (m + 1) −1 m k=0 x k+n . The space [ĉ] of strongly almost convergent sequences was introduced by Maddox [15] and also independently by Freedman et al. [7] as follows.
[ĉ] = {x ∈ ℓ ∞ : lim m→∞ t mn (|x − le|) = 0 uniformly in n, for some l}, where e = (1, 1, 1, . . .).
Schaefer [26] defined the σ-convergence as follows.
Let σ be an one-to-one mapping of the set of positive integers into itself. A continuous linear functional φ on ℓ ∞ is said to be an invariant mean or a σ-mean if and only if (i) φ(x) ≥ 0 when the sequence x = (x n ) has x n ≥ 0 for all n, (ii) φ(e) = 1, and (iii) φ(x σ(n) ) = φ(x) for all x ∈ ℓ ∞ . Let V σ denote the set of bounded sequences which have unique σ-mean. It is known (see [26] ) that
. Here σ k (m) denotes the k th iterate of the mapping σ at m.
In case σ is the translation mapping n → n + 1, a σ-mean reduces to the unique Banach limit and V σ reduces toĉ. A σ-mean extends the limit functional on c in the sense that φ(x) = lim x for all x ∈ c if and only if σ has no finite orbits; that is to say, if and only if for all n ≥ 0, j ≥ 1, σ j (n) = n (see Mursaleen [18] ).
Just as the concept of almost convergence led naturally to the concept of strong almost convergence, σ-convergence leads naturally to the concept of strong σ-convergence. A sequence x = (x k ) is said to be strongly σ-convergent if there exists a number l such that
with the limit zero, (see Mursaleen [19] ). We write [V σ ] as the set of all strongly σ-convergent sequences. When (1) holds, we write [V σ ]-lim x = l. Taking σ(n) = n + 1, we obtain [V σ ] = [ĉ] so that strong σ-convergence generalizes the concept of strong almost convergence. Note that c ⊂ [
Let A = (a nk ) be an infinite matrix with real or complex numbers. A number sequence x = (x k ) is called A-summable to a number l if the series A n x = ∞ k=1 a nk x k converge for all n ∈ N and lim n A n x = l. A matrix method A is called regular if all convergent sequences x = (x k ) are A-summable and lim n A n x = lim k x k . It is known (see [5] , Theorem 4.1, II) that A is regular if and only if
We will denote the set of all non-negative regular matrices by T + . Cesàro method C 1 = (c nk ), where c nk = 1/n if k ≤ n and c nk = 0 otherwise, is a well-known example of matrix method of summability. It is clear that C 1 ∈ T + . A similar summability method is defined as follows.
An increasing sequence of non-negative integers θ = (k r ) with k 0 = 0 is called a lacunary sequence if h r = k r − k r−1 → ∞ as r → ∞. The intervals determined by θ will be denoted by
is the matrix, where a θ rk = 1/h r if k ∈ I r and a θ rk = 0 otherwise, then the A θ -summability reduces to lacunary convergence. Clearly A θ ∈ T + .
A sequence x = (x k ) is said to be strongly A-summable with index p > 0 to l if (see [13] ) lim n ∞ k=1 a nk |x k − l| p = 0. The set of all strongly A-summable sequences is denoted by w p A . Recall [16, 23] 
Ruckle [23] , Maddox [16] and other authors used modulus function to construct new sequence spaces. In [10, 11, 22] some new sequence spaces are defined by means of a sequence of modulus functions F = (f k ).
The main object of this paper is to introduce and study the sequence spaces w p 0 (A σ , F , q), w p (A σ , F , q) and w p ∞ (A σ , F , q) defined by means of sequence of modulus functions F in a seminormed space, when A ∈ T + . The definition of these sequence spaces is given in the following section. In §3, we propose to study various algebraic and topological properties of these spaces, and some inclusion relations between these spaces have been discussed. In §4, a new concept of A-invariant statistical convergence in a seminormed space is introduced. Some relations between A-invariant statistical convergence and strong invariant A-summability with respect to a sequence of modulus functions has been investigated.
Notation and definitions
Throughout the paper X denotes a seminormed space with seminorm q, F = (f k ) is a sequence of modulus functions and A = (a nk ) is a nonnegative regular matrix. The symbol w(X) denotes the space of all X-valued sequences. We define the following sequence spaces
Some well-known spaces are obtained by specializing X, q, A, σ, F and p. F , q) , we say that x is strongly invariant A-summable to l with respect to the sequence of modulus functions F and a sequence x ∈ w p ∞ (A σ , F , q) is called strongly invariant A-bounded with respect to F . The proof is a routine verification by using standard techniques and hence is omitted. 
From the properties of modulus function and seminorm it is clear that g is not a total paranorm.
Lemma 3.4 ([21]
). Let f be a modulus function and let 0 < δ < 1. Then for each x > δ, we have f (x) ≤ 2f (1)δ −1 x.
Theorem 3.5. Let A ∈ T + and F = (f k ) be a sequence of modulus functions such that lim t→0
p → 0 as n → ∞, uniformly in i.
by Lemma 3.4. Letting n → ∞, it follows that x ∈ w p 0 (A σ , F , q). Our next result gives some sufficient conditions for w
Theorem 3.6. Let A ∈ T + and F = (f k ) be a sequence of modulus functions such that lim t→0 + sup k f k (t) = 0 and lim t→∞ inf k
p whence x ∈ w p 0 (A σ , q) and the proof is complete. 3.7 ([27] ). Let q 1 and q 2 be seminorms on a linear space X. Then q 1 is stronger than q 2 if there exists a constant L such that q 2 (x) ≤ Lq 1 (x) for all x ∈ X. If each is stronger than the other, q 1 and q 2 are said to be equivalent.
Theorem 3.8. Let A ∈ T + , F = (f k ) be a sequence of modulus functions and q 1 , q 2 be seminorms. Then
Comparison with A-invariant statistical convergence
In this section we investigate some inclusion relations between A-invariant statistical convergence and strong invariant A-summability with respect to a sequence of modulus functions F .
The idea of statistical convergence was introduced by Fast [6] and studied by various authors (e.g. [4] , [9] , [10] , [17] , [24] ).
For A ∈ T + , Freedman and Sember [8] defined A-density as follows.
In particular case A = C 1 , the A-density is called the asymptotic density. Using A-density, we introduce the following definition. where
We shall denote the set of all A-invariant statistically convergent sequences by st(A σ , q). If X = C, q(x) = |x|, then this definition reduces to the definition introduced by Nuray and Savas [20] .
is a sequence of modulus functions which satisfies
holds then there exists a number s > 0 such that
Theorem 4.4. Let A ∈ T + and F = (f k ) be a sequence of modulus functions which satisfies
and by the increase of f k , we have
Since lim n k∈L ǫ,i a nk = 0 uniformly in i and using (T 2 ), we get lim n σ n (i) ≤ [h(ǫ)] p uniformly in i. By (M 2 ) it follows that lim n σ n (i) = 0 uniformly in i, that is,
From Theorems 4.3 and 4.4, we deduce the following result.
Corollary 4.5. Let A ∈ T + and F = (f k ) be a sequence of modulus functions which satisfies (M 1 ), (M 2 ) and (M 3 ). Then st(A σ , q) = w p (A σ , F , q).
In the case f k = f (k ∈ N), the conditions (M 1 ) and (M 2 ) hold. Thus we get Corollary 4.6. Let A ∈ T + and f be a bounded modulus function, then st(A σ , q) = w p (A σ , f, q).
The next theorem establishes the relation between A-invariant statistical convergence and strong invariant A-summability for bounded sequences. In the case f k = f (k ∈ N) from Corollary 4.8, we deduce Corollary 4.9. For any modulus function f and A ∈ T + , ℓ ∞ (q) st(A σ , q) = ℓ ∞ (q) w p (A σ , f, q).
